We evaluate the string theory disc amplitude of one Ramond-Ramond field C and two Neveu-Schwarz B-fields in the presence of a single Dp-brane in type II string theory. From this amplitude we extract the four-derivative (or equivalently order α 2 ) part of the Dp-brane action involving these fields. We show that the new couplings are invariant under R-R and NS-NS gauge transformations and compatible with linear T-duality.
Introduction
In this paper we continue the analysis of higher derivative contributions to the Dpbrane action involving one R-R potential and two NS-NS fields. We will present the complete four-derivative action involving a R-R potential of degree p − 3, and two B N S fields. To do this we will compute world-sheet amplitudes with disc topology and insertions of closed and open string vertex operators.
In ref. [1] we obtained part of the interactions. First we required that the Dp-brane action should be compatible with T-duality (see for example [2, 3, 4] ), which means that the dimensional reduction of a Dp-brane should be related by T-duality to the double dimensional reduction of a D(p + 1)-brane. We used this requirement to predict some four-derivative terms in the Dp-brane Lagrangian. T-duality, however, does not determine the Lagrangian uniquely since it can only be used in spaces with an isometry.
We verified the predictions from T-duality by computing scattering amplitudes for some choices of polarization. The predicted terms in the Lagrangian could easily be obtained from string amplitudes since in the field theory limit only contact interactions on the brane contributed to these particular terms. The interactions predicted by T-duality and the results obtained from the string theory amplitude in the limit of small momenta did agree. However, the couplings were very special. In general, a string amplitude with some vertex operator insertions can degenerate into many possible field theory diagrams. Most of these diagrams are "background noise", by which we mean field theory diagrams which are constructed from known vertices either in space-time or on the brane, and which need to be subtracted to isolate the field theory diagrams which involve the new interactions. In general, this is a cumbersome procedure. In this paper we have applied it to obtain the four-derivative terms in the Dp-brane effective action involving C (p−3) and two B N S fields.
Overview and summary of results
We start by summarizing our findings and will describe the details of our computations in the main part of the paper. We wish to obtain the Dp-brane action involving one R-R potential C (p−3) and two B N S fields. To do this we will compute the tree level string theory amplitude involving the vertex operators of one R-R potential C Since the string amplitudes are invariant under the parity transformation described in section 5.2 of ref. [5] it is easy to see that string amplitudes involving C (p−3) are only non-vanishing if the two NS-NS fields are both gravitons (or dilatons) or both B N S fields. This translates into the same statement for the Dp-brane effective action to all orders in α . This also generalizes to arbitrary R-R potentials in the following way.
Amplitudes involving C (p−1+2k) for k odd are non-zero only if the two NS-NS fields have the same polarization, which means both are symmetric or both are antisymmetric.
If k is even the two NS-NS fields are required to have opposite polarizations. If k = −1, which is the case considered here, the three-point amplitudes of C (p−3) and two gravitons and the corresponding terms in the brane effective action have been found in refs. [6, 7, 8, 9, 10, 11, 12, 13] . We will consider the case in which the NS-NS fields have generic anti-symmetric polarizations. We will compute the string amplitudes and extract from them the Dp-brane effective action to fourth order in derivatives.
We will obtain the string amplitudes in closed form only in an expansion in α since only in this limit can we obtain closed expressions for the complex integrals involved. These results are sufficient to extract the four-derivative contributions to the Dp-brane effective action. To obtain the effective action a careful comparison with field theory amplitudes has to be performed. For small momenta the string amplitude degenerates into six field theory diagrams displayed in fig. ( the interaction of one R-R field and two NS-NS fields through a contact term on the brane. We wish to obtain this contact term to fourth order in derivatives. This encodes the corresponding term in the Dp-brane effective action. We will expand the string theory amplitude to quadratic order in α (fourth order in momenta) and subtract the result for diagrams (2.a)-(2.e). This should give us the desired contact term. To leading order in α the diagrams (2.a)-(2.e) are, of course, known. However, these diagrams themselves receive α corrections arising from the corrections to contact terms on the Dp-brane world-volume. Specifically 3 contact terms receive corrections to order α 2 .
These are displayed in fig. (3) . These α 2 corrections are obtained by computing three amplitudes. One two-point function involving a R-R potential C (p−1) and one B N S field, a three-point amplitude involving 2 gauge fields on the brane and one R-R potential
and another three-point function involving one gauge field on the brane, a R-R potential C (p−3) and an B N S field. We obtain the α corrected contact terms by expanding to fourth order in momenta. From here we extract the α corrected result for diagrams (2.b), (2.d) and (2.e) (we will show below that diagrams (2.a) and (2.c)
do not receive corrections at order α 2 ). The effective action is, of course, not unique. There are many effective actions which give rise to the same scattering amplitudes. This ambiguity is related to the freedom in the choice of fields arising from field redefinitions. Up to field redefinitions the Wess-Zumino part of the Dp-brane effective action involving a R-R potential
four-derivatives and two B N S fields is
where
3)
is the R-R field strength and H = dB N S . Throughout the paper we will use the convention that letters from the beginning of the Roman alphabet (a, b, etc.) indicate directions along the brane, while letters from the middle of the alphabet (i, j, etc.) indicate transverse directions. Greek letters (µ, ν, etc.) run over all ten coordinates of the bulk space-time. Moreover, is the volume form on the brane, T p the string tension and I 0 a constant.
The action (2.3) is the main result of this paper. In the next section we will explain in detail the computation of the string amplitudes, their expansion in powers of momenta and how to extract the Dp-brane effective action.
The details
In this section we will describe the computation of the different string scattering amplitudes. We start by presenting a formal definition of the n-point function and by proving that amplitudes will be independent of the distribution of superghost charge as long as the total amount is −2, a property which will come very handy in concrete computations.
General properties of string disc amplitudes
Generalizing the construction of the two-point function described in ref. [5] we define the n-point function on the disc by
Here we have introduced integrated vertex operators U (z,z) which are related to physical state operators V (z,z) by
Saying that V (z,z) is physical means that it is BRST-closed, has total left-plus rightghost charge two, and has conformal weight zero on both the left and the right. The second line of (3.1) contains a boundary state [14, 15] and a propagator which expands it out until it hits the first insertion point (see fig. (4) ).
If we pull the factor w −L 0w −L 0 to the left of the correlator, we can rewrite this expression as
In the second step we have taken advantage of the fact that the amplitude should be independent of z 1 to send z 1 to infinity, and then we have made changes of coordinate, It is easy to check that (up to total derivatives) U (z,z) is BRST closed if V (z,z) is and if V (z,z) is BRST exact so is U (z,z) (again, up to total derivatives). These total derivatives give rise to boundary terms which vanish for an entire range of momenta and therefore analytic continuation guarantees that the boundary terms vanish everywhere.
Therefore as long as the V (z,z) vertex operators are BRST closed, BRST trivial states will decouple from n-point functions.
Note that the picture changing operator X 0 does not commute with b −1 . Rather, 4) and therefore the independence of the n-point functions of the distribution of picture charge requires a careful treatment. The simplest way to show the picture independence of n-point functions is to check that [X 0 , U (z,z)] is zero up to BRST trivial pieces and total derivatives, which in turn vanish using analytic continuation. Indeed, as can be easily verified
Since the picture changing operator X 0 commutes with the two types of vertex operators, integrated and non-integrated ones, n-point functions will be independent of the distribution of picture charge. This is a very useful property since it is a way of checking our results. The string amplitudes we will compute are not manifestly picture independent and different contributions have to combine in a non-trivial way to give rise to a picture independent result.
Amplitudes involving closed string vertex operators 3.2.1 One R-R field and one B N S field
The two-point of one R-R field and one B N S field has been computed before. The original references are [16, 17, 18, 19, 20] or using the notation and conventions of this paper in ref. [5] . We will label any disc string amplitude by A and any field theory amplitude by A with indices specifying the vertex operator insertions. In a form convenient for our purposes the 2-point function of C (p−1) and B NS is
We have introduced the matrix D µ ν which is diagonal with entries +1 in the directions along the brane and −1 in the directions normal to the brane. On-shell this agrees with the result quoted in ref. [5] as can be easily verified. Here (. . . ) denotes the binomial coefficient, and µ represents a space-time index that is summed over both tangent and normal directions.
One R-R field and two B N S fields
The disc amplitude in fig. 1 is
We will take the R-R vertex operator in the (−1/2, −1/2) picture. As a result the B N S fields have to be in different superghost pictures which we take to be (0, 0) and (−1, 0). So the amplitude is not manifestly invariant under the interchange of the two polarization tensors. But since the amplitudes are picture independent the result should be symmetric which will be a non-trivial check of our results.
We will separate the amplitude into various pieces according to their index structure and use the notation
In the following we will quote our results for A
The sum of the terms proportional to either ( 2 · p)( 3 · p) or ( 2 · 3 ) for arbitrary polarization tensors 2 and 3 is
Here I n are integrals whose definition and whose approximate values in the region of small momenta can be found in the appendix A. Moreover
and by (2 ↔ 3) we mean the same expression but interchanging p 2 ↔ p 3 and
The sum of terms of index structure (p · · p)( ) is
There are two terms with the above quoted index structure, one with all indices of C (p−3) along the brane and another one in which one of the indices is transverse to the brane. The first one is given by
This result is manifestly symmetric under the interchange of the two B N S fields;
to write it this way we have made use of certain relations between the I n which follow from the definitions and expansions in the appendix.
4) ( 2 )( 3 ) terms
Terms with the above index structure are
where we have again used certain relations among the I n to write A
CBB in a way which is manifestly symmetric under exchange of the two NS-NS fields.
5) other C
terms For the case that one of the indices of the R-R potential is transverse to the brane the amplitude contribution is
(3.14)
3.3 Amplitudes involving closed string vertex operators and gauge fields
One R-R field and two gauge fields
Let the string amplitude for a Dp-brane absorbing one R-R field and emitting two open string gauge fields be
where following ref. [19] , the open string vertex operators are
Here the momenta are constrained to be parallel to the brane and therefore
and the vertex operators are integrated over the world-sheet boundary (a circle). The result for this amplitude is
Here
is the field strength for the gauge field with polarization ζ a .
One R-R field, one B N S field and one gauge field
Let the disc amplitude with insertions of one R-R vertex operator, one B N S field, and one open string vertex operators be
The result is 20) and
3.4 Derivative corrections to field theory vertices localized on the Dp-brane.
The string amplitudes encode all field theory vertices. In this section we describe how to obtain the effective Lagrangian on the Dp-brane world-volume from the expansion about small momenta of the string theory amplitudes. 
and
Here and in the following we will label the field theory amplitudes by A with indices specifying the fields involved.
After subtracting the result for diagrams (5.a) and (5.b) we obtain the result for the diagram (5.c), which can be derived from the following effective action
with 25) to order α 2 . This effective action encodes the correction to the vertex in fig. (3.a) . It can be checked that this result agrees with [20] up to terms which vanish on-shell.
The above effective action is obtained from on-shell amplitudes. As such it is ambiguous. We will describe some ambiguities with concrete examples. Consider the one-point function of a R-R vertex operator in a Dp-brane background, which is exact in the derivative expansion. From here we conclude that the D-brane action involving one R-R field, S Dp ∼ C p+1 can only receive corrections which vanish on-shell. This means that we could have added an interaction of the form CB . When extracting the result for the vertex in fig. ( 5.c) we will then obtain an expression which is also shifted and which is very easy to work out (we do not need the details here). That the correction to the one-point function vanishes on-shell guarantees that this shift is a contact term representable as a contribution to the vertex in fig. (5.c) . However, by construction δA 
C (p−3) , A, A contact term.
For small momenta the amplitude A CAA can be obtained from the following effective action
, (3.28) again up to terms that vanish on-shell. The subleading term has been obtained before in ref. [21] , [22] . This effective action includes the corrections to the vertex in fig. (3.b).
Note that we have left an explicit factor of (2α ) in for each factor of F ab , while in most of the paper we have set α = 2. Our main purpose for this is simply book-keeping;
it serves as a reminder that we should not count the derivative used in constructing F in our derivative expansion. In other words, we treat the combination 2α F as having weight zero, consistent with the fact that we will be using it to build the gauge invariant objectsB ab = B ab + 2α F ab .
C (p−3)
, A, B contact term.
In the field theory limit the string amplitude A CAB gives rise to the diagrams repre- A (a)
After subtracting the field theory amplitudes A fig. (6.c) ), which can be obtained from the following action
. we will not present it here since it is only used as an intermediate step to obtain the effective Dp-brane action which we discuss in detail in the next section.
New four-derivative Dp-brane couplings
Given the result for the field theory diagram in fig. (2.f) we can now extract the effective action involving one R-R potential C (p−3) and two B N S fields to order α 2 . Since the results are cumbersome we will perform all checks possible given the limited set of four-derivative couplings we know. We will require the new couplings to be invariant under R-R and NS-NS gauge transformations. Moreover, we will require the Dp-brane action to be compatible with T-duality.
Gauge transformations 4.1.1 B N S field gauge transformations
The field theory result for diagram (2.f) can be obtained from the following effective action
The sum of L CBB , L CAB in eqn. i.e. it has the same form as L CBB except B is replaced byB, which means it is manifestly invariant under gauge transformations of the B N S field. The overall factor in front of the action was determined using the coefficient of the zero derivative term.
The Lagrangian L
CB is, of course, invariant under NS-NS gauge transformations since it depends on H = dB N S only.
R-R gauge transformations
Next we consider gauge transformations of the R-R potentials, in particular consider the gauge transformations
which leave the R-R field strengthF = dC
It turns out that the Lagrangian L C + L CB + L CBB changes after performing R-R gauge transformations by a quantity which vanishes on-shell. Here
It is possible to use the ambiguity of adding terms which vanish on-shell to obtain an effective Lagrangian which is invariant under R-R gauge transformations. The terms which need to be added are
which leads to the following correction of the CBB coupling
(4.8)
The new four-derivative couplings
The Lagrangian which is invariant under NS-NS and R-R gauge transformations is
Because of the gauge invariance, the four-derivative part of this action can be rewritten in terms of the R-R field strength rather than the potential, giving
. Note that the terms in the third line above all involve the combination ∇ b B bc , which is the leading term in the equation of motion for the gauge field and hence can be removed by a field redefinition 2 . After removing such terms, the action (2.3) that remains is the main result of this paper.
In the section 4.2, we will perform a consistency check of this new action. We will check that it is compatible with T-duality at the linearized level.
2 The equation of motion for the gauge fields is given by 13) where · · · includes both higher derivative terms as well as terms with the same number of derivatives but at least one R-R potential. Thus we can remove the terms in question by a field redefinition, at the cost of introducing new terms with two or more R-R fields.
Compatibility with T-duality
Given the Lagrangian on a Dp-brane world-volume, T-duality will in general mix terms with different numbers of fields and the same number of derivatives. Schematically we have represented how T-duality acts on the four-derivative terms in the Lagrangian in fig. 7 . Under T-duality we expect the complete Lagrangian to map to itself. But we do not know the entire set of four-derivative couplings yet. In this paper we have determined the four-derivative couplings involving C (p−1) , B and C (p−3) B, B while the couplings involving C (p−3) h, h were already known. As illustrated in fig. 7 given the couplings we know one consistency check is to apply T-duality along the brane and the C (p−3) B, B couplings then map to themselves. In fig. 7 we have used the fact that there are no terms in the brane Lagrangian involving one NS-NS field and one R-R potential of degree n ≥ p + 5, p ≤ p − 3, or terms involving 2 NS-NS fields and one R-R potential of degree n ≤ p − 5 or n ≥ p + 7.
Lets consider a space-time with a U (1) isometry in a direction labeled by y and a brane positioned so that y is parallel to it. The Lagrangian L (in eqn. 2.1) together with L Chh which involves the metric h is the Hodge dual with respect to the brane coordinates of
where 15) and the forms X (4) , X (5)i and Y (5)i can be obtained from the Lagrangian.
A Dp-brane action is expected to be compatible with T-duality. To check this we first drop all derivatives with respect to the coordinate y. Lets label the form which is obtained from X after applying T-duality by X . Compatibility with T-duality then translates into Such non-covariant terms could be generated by applying T-duality transverse to the brane to the interaction involving C (p−3) and two NS-NS fields. It is easy to see from the form of the Lagrangian that such terms will not be generated.
Once the entire four-derivative action is known it should be possible to check compatibility with T-duality to all orders in the fields [23] .
. . . 
Comparison with existing literature
The last term in the first line of (4.11) is the only term that is quadratic in gauge fields, and was previously determined in ref. [21] and [22] ; we have agreement with their results. The next two terms represent the gauge invariant completion of the interactions involving C (p−3) presented in ref. [1] , and so this action is consistent with that result as well.
The terms in (4.10) are consistent with [20] up to terms which vanish on-shell (specifically, a term proportional to ∇ µ H aiµ ). In [24, 25] , the authors follow a similar procedure to the one we have here, but to facilitate the comparison to field theory they restrict their analysis to the situation in which (p 2 p 3 ) = (p 2 Dp 3 ) = 0. As such they miss some terms in which derivatives on each B field contract with each other, including the term quadratic in gauge fields mentioned above. However, for the subset of terms which they find, the coefficients agree, up to some signs.
The results presented in (2.3) are the first time that the complete set of gauge completed four-derivative corrections involving C (p−3) and two B fields has appeared in the literature, and it is in agreement with all partial results that have appeared previously.
Conclusion
String theory is a theory of quantum gravity as opposed to merely a theory of classical gravity. As such it is interesting to compute corrections, either α or g s corrections. In this paper we have computed contributions to the Dp-brane action of order α 2 , which compared to the α 3 corrections arising from the low energy effective action of type II theories in ten dimensions are dominant. Higher derivative terms in the Lagrangian can usually be neglected. The reason they can be relevant in flux backgrounds, for example, is that they modify equations of motion and higher derivative contributions can become of order 1 if it is integrated over a higher dimensional space. This is known to happen for the gravitational C 
A Some Integrals
In this appendix we will present details about the evaluation of the complex integrals used in the main part of the paper. We start defining the integrals Note thatK, has the same form as K but different exponents. In general, a, b, . . . are some positive or negative integers. We expect I a,b,c,d,e,f to be a meromorphic functions of p i · p j and p k · Dp l , for any i, j, k, l which we view as several complex variables. The above integral defines this function for large enough momenta while in other regions it has to be defined using analytic continuation. We are interested in Laurent expansion of I close to zero, and in particular in terms of O(p −4 ) and O(p 0 ).
We start introducing polar coordinates z i = r i e iθ i , i = 2, 3. Since the integrant depends only on θ 2 − θ 3 one of the integrals can be explicitly performed. Next we
Taylor expand the integral in r 2 and r 3 using where the Kronecker delta symbol arises from the integration over θ 2 − θ 3 .
Next we define the following integrals which are enough to evaluate the three-point For most integrals, like for example I 10 , the momentum expansion can be done before doing the sums. In this case it is easy to obtain the result since most contributions for n i = 0 are of higher orders in the momentum expansion and the sum localizes at n i = 0. However, some situations require more care like the case e = −1. In this case for small p 2 · p 3 the largest contribution to the sum arises from large n 3 , n 4 and these sums have to be done exactly. To evaluate these sums the following results which hold for x, y ≈ 0 are useful The first sum can be done exactly while the result for the next sums is quoted only up to terms quadratic in x and y.
